On the basis of previous analysis and control for two-to four-craft static Coulomb formations, this paper continues to further study the analytic solutions for an equal mass five-craft Coulomb formation under the Hill-frame formation. The paper analyzes the co-linear formation of one-dimension, planar formation of two-dimension and hexahedral formation of three-dimension for equal mass five-craft Coulomb formation flying. The authors discuss the conditions of an analytical solution to determine the net charges of craft in each case of static formation. Due to perturbations and disturbances in the GEO altitude, the static configuration can merely maintain its transient state. For the purpose of keeping it stable over the longtime, the Coulomb formation must be subjected to external control. This paper uses LQR control as an example. Finally, through the control applied, craft can stably maintain a static configuration around the static equilibrium point. Moreover, numerical simulation results are illustrated, and the paper discusses situations of Coulomb static configurations when the number of satellites is more than five.
Introduction
Research on craft formation flying is becoming more and more active in the astronautics field. Indeed, the multiple craft system offers many advantages in comparison to systems using one huge monolithic craft. For example, cooperation between crafts can carry out more complex tasks and enables reconfigurability; the use of several craft for a given task may enable robustness to be increased; the use of several simple craft can be cheaper and more flexible than a huge cumbersome satellite; and the more craft there are the greater the flexibility and advantage.
The Coulomb electrostatic propulsion is due to the interaction of electrostatic forces (attraction and repulsion forces) among charged bodies. [1] [2] [3] Since propulsion can implement a specific impulse (I sp ) on the order of 10 13 s, Coulomb electrostatic propulsion is an extremely efficient system. The power required to charge the craft is on the order of watts (W). 4) The source of Coulomb electrostatic propulsion is also based on a renewable source that may provide a longer service lifetime. 5) In view of the above advantages, Coulomb electrostatic propulsion is competent to control close-proximity formation at 100 meters or less.
1)
The initial study of Coulomb electrostatic propulsion was proposed by Parker et al. in the NIAC report. 4) The paper firstly proposed the problems of Coulomb electrostatic propulsion. It introduced potential applications of Coulomb electrostatic propulsion and explained the concept of static Coulomb formation. It also explained how to use symmetry arguments to easily acquire the static formation solutions. Coulomb electrostatic forces may offset the relative motion dynamics and form a virtual Coulomb structure. 5, 6) Berryman and Schaub continued the work and proposed a more rigorous analytical solution for two-and three-craft formations.
5) Natarajan et al. analyzed the two-craft Coulomb tether structure concept in the use of an electrostatic force field rather than a physical tether. 6) In their work, the virtual Coulomb structure can be stabilized by using the gravity-gradient torque.
6) Schaub et al. presented the necessary equilibrium conditions for static Coulomb formations with constant charges. 7) They pointed out that the center of mass of the static formation structure should be located at the origin of the LVLH frame, as well as that the formation principal of the inertia axes of the static formation structure must be aligned with the LVLH frame axes. 7) They also designed the first feedback law for a stabilized virtual Coulomb structure in their paper. Pettazzi et al. narrated applications of Coulomb electrostatic propulsion, presenting different strategies to combine the Coulomb actuation into swarm navigation and a reconfiguration scheme. 8) Izzo and Pettazzi performed real aerospace applications of Coulomb electrostatic forces, 9) which can also be a validation of novel Coulomb electrostatic propulsion.
In 1966, Cover, Knauer, and Maurer first proposed craft charge control through electrostatic forces to sustain the formation of a large reflecting mesh. 10) King et al. applied the concept to craft formation flying, which could control individual craft by way of charging craft so as to acquire the desired inter-craft forces. 1, 4) Active charge control was successfully applied to the SCATHA mission, 11) ATS mission, 12) and CLUSTER mission. 13) Control laws are used to maintain the formation of a charged craft cluster. 5, 14, 15) Schaub and Kim illustrated a control strategy for a two-craft Coulomb formation using a non-linear control law based on orbit element differences.
14) Wang and Schaub studied collision avoidance using Coulomb electrostatic forces. The control feedback is the separation distance. 15) In many simulated satellite missions, multiple satellite formation is used more frequently to achieve more complex missions. The purpose of this paper is to provide a theoretical basis for actual satellite missions. Aiming to improve and enrich studying the static equilibrium configuration of equal mass N-craft Coulomb formation, this paper continues to discuss equal mass five-craft Coulomb formation in detail. It also analyzes the net charges of craft according to the possible static configuration of an equal mass five-craft Coulomb formation. The authors explained why co-linear and planar static equilibrium configurations are hard to form under an equal mass case when craft number is more than five: Since the dynamic model is coupling, the net charges of craft are extremely difficult to solve out. However, in the case of n ¼ 5, the static three-dimensional configuration has the unique stable equilibrium configuration of equal mass Coulomb formation. Meanwhile, the static three-dimensional configuration has a symmetrical structure with respect to origin in the Hill frame. In order to sustain the static configuration for the long-term, LQR control is performed using numerical simulation.
This following paper is organized as follows. Section 2 explains the dynamic model. Section 3 analyzes the static configurations of equal mass five-craft Coulomb formation with symmetrical structures from one dimension to three dimensions. Section 4 illustrates LQR control and the results of simulating for a hexahedral five-craft static configuration. Finally, a brief conclusion and future work are discussed in the conclusion.
Dynamic Model
Under the Hill-frame static formation, consider the leader craft (located at the mass center in Fig. 1 , it could be a real craft or a virtual point) and a i-th follower craft orbiting a common primary as shown in Fig. 1 . The unit vectorX is directed from the craft radial outward, vectorẐ is normal to the fundamental plane, positive in the direction of the (instantaneous) angular momentum vector, and vectorŶ completes the setup (see Fig. 1 ). D cm and D d i are position vectors of the leader and follower craft, respectively. The relative position vector between the i-th craft and the leader craft in the frame is expressed as
The Hill-frame static formation introduces a center-of-mass constraint:
where the mass and net charge of the i-th craft are denoted respectively by m i and q i .
Assuming a linearized Clohessy-Wiltshire-Hill gravitational model and a net Coulomb acceleration point-charge model, the relative position vector in the Hill-frame vector components and acceleration of the i-th craft can be written as follows 2, 16, 17) : Trans. Japan Soc. Aero. Space Sci., Vol. 59, No. 2, 2016
In Eq. (1), gravitational terms and Coulomb terms are represented by G and H, respectively. Charge products are introduced in order to facilitate calculation and analytical treatment, which is Q ij ¼ q i q j . In Eq. (2), n represents the mean orbit rate for motion of the center of mass. k c represents the Coulomb constant, which is 8:988 Â 10 9 NÁm 2 /C 2 . Although the orbital motion is linearized, there are still non-linear terms in the Coulomb force. In a plasma environment, the exponential terms on the right-hand side of the equations determine the rate of Coulomb influence decay as distance increases. The decay is due to a function of the Debye length ! d . A shielding effect is created around a charged body when it is submersed in a plasma environment. 18) In a geosynchronous Earth orbit (GEO), the Debye length ranges from 140-1400 m. 4) Here, assuming craft formation separation on the order of 10 m at the GEO altitude, the exponential term can be disregarded. Hence, analytical charge solutions can be found using the method presented by King et al. 4) Consider ! d is a constant and finite, the separation distance between the i-th craft and j-th craft refers to
Once the condition d ij > 10R sc is satisfied, the model in Eq. (2) is demonstrated to be highly accurate. 1, 2, 5, 6, 19) A Hill-frame static formation must satisfy two necessary conditions: (1) the center of mass must be located at the origin of the Hill-frame formation and (2) the principal axes must be aligned with the axes of the Hill-frame formation. 5, 7) In this case, for the purpose of finding a charged relative equilibrium, the formation must be located in the Hill frame, and at the same time, the relative acceleration and velocity of the craft must be set to zero.
2) By introducing scaled individual craft chargesq i ¼ ffiffiffiffi k c p q i =n and charge productsQ ij 1 q iqj , static equations for a Coulomb formation can be written as 5) :
And equilibrium conditions are written as 1, 5) :
For the purpose of sustaining a constant-charge static Coulomb formation, the center of mass and principal axis constraints are only necessary, but not sufficient conditions. In addition, charge product constraints must be fulfilled at the same time. The charge products of the craft can be solved using Eq. (4), but solutions could not directly result in real or unique individual craft charges. Hence, the problem is how to satisfy charge products constraint as well as fulfilling the center of mass and principal axis constraints so as to maintain the static Coulomb formation. 
According to Berryman, 5) there are 15 charged equations of dynamic motion in a three-dimensional formation, wherein each axis (axisX, axisŶ and axisẐ) set five equations. The center-of-mass condition constraint removed three equations, and the principal axes condition constraint also removed three equations. Therefore, the formation dynamic matrix can be written as 1, 5) : 
It should be noted that
The rank of matrix A is 9, and it is a nonsingular matrix. Solutions of nonhomogeneous equations are solved using the least squares method, 5) which is given by Eq. (9):
where Trans. Japan Soc. Aero. Space Sci., Vol. 59, No. 2, 2016 (7) and Eq. (8) into Eq. (9), the solutions are as follows:
Individual craft net charges
Similarly, setting Euler angles a and c to 0, the solutionQ can be given by:
ffiffi ffi 6 p
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With Euler angles b and c simultaneously set to 0, the rank of matrix A is 8. Therefore, there is no solution in this case.
The static hexahedral Coulomb configuration is finally accomplished by the crafts' net charge q i . Depending on the relationship between charge products and an individual craft's net charge, 5) the charge condition constraint can be deduced to following formulas as expressed by:
Substituting Eq. (10) and Eq. (11) into Eq. (12), the range of Euler angles that can make the static formation be stable are: b; c 2 ðÀ180
; 180 Þ, whereas c 6 ¼ 0 ; 30 ; 60 ; 90 ;
180
, and b 6 ¼ 0 . The unique individual craft's net charge that satisfy the charge product condition constraint, as well as keeps the static equilibrium configuration, is written in Eq. (13), as m ¼ 100
, which is shown in Fig. 3(a) . Trans. Japan Soc. Aero. Space Sci., Vol. 59, No. 2, 2016
Two-dimensional planar formation
The possible stable static planar Coulomb configuration of equal mass five-craft is illustrated in Fig. 3(b) . The center of mass is located at the origin of the Hill-frame, which is also the geometric center of the square. Craft 1 is located at the origin, and Craft 2, 3, 4 and 5, respectively, lie in the four vertices of the square. Supposing the mass of all craft is m, radius d is the distance of the craft from the origin of the Hill-frame. The distances between two adjacent craft are all d (see in Fig. 3(b) ). Figure 3(b) illustrates the square formation in theXOẐ plane. Assume that the square is rotated by an angle of . Square configurations in planesẐOŶ and YOX are similar to that in planeXOẐ. The position vectors of five craft are given by Eq. (14) . In the planar configuration, there are 10 charged craft equations of motion. However, three equations are removed by the center-of-mass condition constraint and the principal axes condition constraint conditions, the formation dynamic matrix can be written as in Eq. (15) in planesXOẐ,ẐOŶ andŶOX, respectively 1, 5) :
In Eq. (18), " is the Earth's gravitational constant, R e is the average equatorial radius of the Earth, and the perturbation J 2 is the second-order spherical harmonic coefficients of the Earth's gravitational field.
where the control input is the charge of each craft, and In order to perform quadratic optimal control, establish the model as:
Taken the static hexahedral configuration as the desired positions in Section 3.1, the initial position and velocity of each craft is as follows:
, each craft has a mass of 100 kg. Results of Matlab simulation can be displayed as in Fig. 4 . Figure 4 illustrates the results of simulating in the linear quadratic control. The amount of deviation in the position vector and velocity vector change with time in Fig. 4 . From the results of simulation, it is clearly indicated that the hexahedral configuration could maintain a stable formation around the static equilibrium configuration using LQR con- 
Conclusion
Following previous research, the static configuration of equal mass five-craft Coulomb formation flying is discussed in this paper. By the interaction of the Coulomb force, five craft can form co-linear, planar and hexahedral configurations from one to three dimensions. All of the possible static configurations were analyzed in this paper. But the net charge of an individual craft can merely be solved numerically in the hexahedral formation. The analytic solutions of planar and co-linear configurations are too complicated to acquire since the number of particular solutions are overwhelming. Moreover, if the number of craft is more than five, the number of dynamic equations is always less than the number of charge product variables. In this case, numerical solution cannot be obtained for not only the linear and planar configurations, but also the three-dimensional configuration. From a numerical solutions point of view, equal mass Coulomb satellite formation with a symmetrical structure can't acquire a stable static formation. Other ways must be found to solve the problem. Therefore, in order to accomplish longterm Coulomb satellite formation flying, LQR control is applied to maintain the static hexahedral formation. The simulation results were presented in the control part. Future work will focus on the reconfiguration and collision avoidance of Coulomb formation flying.
